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Close Encounters of the Dependent Type

— Mid-twentieth century. Mankind makes a groundbreaking discovery...

The Curry-Howard correspondence

Gives computational interpretation to logic
Sparkles the symbiosis of computer science and logic

— The year is 197X. Another milestone is achieved...

Martin-Löf Type Theory

Programming and proving united in a single system
An elegant theory for a more civilized age
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Our Cursed Protagonists
— Meanwhile. Two groups are seeking forbidden knowledge...

The Bare-Chested Sect of Intuitionistic Mathematics

“Kill mathematical fictions”
Obsessed with the meaning of higher order, and in particular continuity
Parallel worlds of barred truth through Beth semantics

The Hooded Cult of Topos Theory

“Embrace local properties”
Uniting many areas of maths in a single arcane framework
Glueing eldritch spaces together through sheaves
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What Lurks in The Dark

Both made the same disturbing findings

Beth semantics ∼= sheaf toposes

... but their impenetrable idiolects make them hard to be understood

Sheaves (source: Wikipedia)

Let X be a topological space. A presheaf F : X → Set is a sheaf whenever:
1 (Locality) Suppose U is an open set, {Ui}i∈I is an open cover of U with Ui ⊆ U for all i ∈ I, and

s, t ∈ F(U) are sections. If s|Ui = t|Ui for all i ∈ I, then s = t.
2 (Glueing) Suppose U is an open set, {Ui}i∈I is an open cover of U with Ui ⊆ U for all i ∈ I, and

{si ∈ F(Ui)}i∈I is a family of sections. If all pairs of sections agree on the overlap of their
domains, that is, if si|Ui∩Uj = sj|Ui∩Uj for all i, j ∈ I, then there exists a section s ∈ F(U) such
that s|Ui = si for all i ∈ I.
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We Came Here To CIC Ass and Chew Bubble-Gum

We wanted to sanitize these findings thanks to type theory

(Authors of the paper getting their terms to type-check, colorized.)

Disclaimer: our results are not really new (see e.g. Coquand and Rijke-Shulman-Spitters)

Centralizing folklore from different communities in a modern language: CIC
Cleaning historical accidental complexity

The result: two papers for the price of one!
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Part I
A straightforward, typed, computational account of sheaves
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A Methodic Incubator

Get rid of the presheaf middle man

ZFCPShTTShTT

PshTT is a model of type theory
Basically CIC + additional extensionality principles
Rephrase all the sheaf assembly language internally to PshTT

This one weird trick — classical mathematicians hate him!
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The Unmistakable Truth
— Abstractly, our topological space is described as

I : Type O : I → Prop
(input) (output)

— A : Type is a sheaf whenever
ϝA : Π(i : I). (O i → A) → A (glueing)
εA : Π(x : A) (i : I). ϝA i (λ(o : O i). x) = x (locality)

— Sheafification is the quotient inductive type
Inductive S (A : Type) :=
| η : A → S A
| ϝ : Π(i : I). (O i → S A) → S A
| ε : Π(x : S A) (i : I). ϝ i (λ(o : O i). x) = x

This gives rise to a straightforward† syntactic model!
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Wallowing in Computational Impurity

But what on earth is that thing doing computationally?

Π(i : I).O i
The Brouwerian Horror

Let us pretend that such infinite abominations exist

(Π(i : I).O i) → A ⇝
Inductive S (A : Type) :=
| η : A → S A
| ϝ : Π(i : I). (O i → S A) → S A
| ε : . . .

Replace unholy objects beyond our computational reach with finite approximations

A special kind of interaction trees baking in continuity
The ε quotient ensures that such trees behave like functions
Reminiscent of delimited continuations, game semantics, operating systems...
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Part II
A sheafy type theory
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A Dash of Man-made Horrors Beyond Your Comprehension

For technical reasons, our syntactic model is flawed

We need QIT or HITs for S
We need univalence to implement universes
Syntactic presheaves do not play well with the latter

What if we studied sheaf models directly as type theories instead?

We should start with the least dangerous of monstrous types...

N → B
The Cantor Space

i.e. I := N and O (i : I) := B.
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MLTTϝ

We design MLTTϝ, an extension of MLTT with a single monster α : N → B

We don’t know where the monster is but we can track it:

L := · | L ,n 7→ b where n ∈ N and b ∈ B

We add two rules reflecting L in the theory

(n 7→ b) ∈ L

L | Γ ` α n ≡ b : B
L ,n 7→ tt | Γ ` J L ,n 7→ ff | Γ ` J n 6∈ L

L | Γ ` J

What are the metatheoretical properties of MLTTϝ?

Baillon, Mahboubi, Pédrot (INRIA) In Cantor Space No One Can Hear You Stream ESOP’26 12 / 17



MLTTϝ

We design MLTTϝ, an extension of MLTT with a single monster α : N → B

We don’t know where the monster is but we can track it:

L := · | L ,n 7→ b where n ∈ N and b ∈ B

We add two rules reflecting L in the theory

(n 7→ b) ∈ L

L | Γ ` α n ≡ b : B
L ,n 7→ tt | Γ ` J L ,n 7→ ff | Γ ` J n 6∈ L

L | Γ ` J

What are the metatheoretical properties of MLTTϝ?

Baillon, Mahboubi, Pédrot (INRIA) In Cantor Space No One Can Hear You Stream ESOP’26 12 / 17



MLTTϝ

We design MLTTϝ, an extension of MLTT with a single monster α : N → B

We don’t know where the monster is but we can track it:

L := · | L ,n 7→ b where n ∈ N and b ∈ B

We add two rules reflecting L in the theory

(n 7→ b) ∈ L

L | Γ ` α n ≡ b : B
L ,n 7→ tt | Γ ` J L ,n 7→ ff | Γ ` J n 6∈ L

L | Γ ` J

What are the metatheoretical properties of MLTTϝ?

Baillon, Mahboubi, Pédrot (INRIA) In Cantor Space No One Can Hear You Stream ESOP’26 12 / 17



MLTTϝ

We design MLTTϝ, an extension of MLTT with a single monster α : N → B

We don’t know where the monster is but we can track it:

L := · | L ,n 7→ b where n ∈ N and b ∈ B

We add two rules reflecting L in the theory

(n 7→ b) ∈ L

L | Γ ` α n ≡ b : B

L ,n 7→ tt | Γ ` J L ,n 7→ ff | Γ ` J n 6∈ L

L | Γ ` J

What are the metatheoretical properties of MLTTϝ?

Baillon, Mahboubi, Pédrot (INRIA) In Cantor Space No One Can Hear You Stream ESOP’26 12 / 17



MLTTϝ

We design MLTTϝ, an extension of MLTT with a single monster α : N → B

We don’t know where the monster is but we can track it:

L := · | L ,n 7→ b where n ∈ N and b ∈ B

We add two rules reflecting L in the theory

(n 7→ b) ∈ L

L | Γ ` α n ≡ b : B
L ,n 7→ tt | Γ ` J L ,n 7→ ff | Γ ` J n 6∈ L

L | Γ ` J

What are the metatheoretical properties of MLTTϝ?

Baillon, Mahboubi, Pédrot (INRIA) In Cantor Space No One Can Hear You Stream ESOP’26 12 / 17



MLTTϝ

We design MLTTϝ, an extension of MLTT with a single monster α : N → B

We don’t know where the monster is but we can track it:

L := · | L ,n 7→ b where n ∈ N and b ∈ B

We add two rules reflecting L in the theory

(n 7→ b) ∈ L

L | Γ ` α n ≡ b : B
L ,n 7→ tt | Γ ` J L ,n 7→ ff | Γ ` J n 6∈ L

L | Γ ` J

What are the metatheoretical properties of MLTTϝ?
Baillon, Mahboubi, Pédrot (INRIA) In Cantor Space No One Can Hear You Stream ESOP’26 12 / 17



Splitting The Monster Away

We built a logical relation model to justify MLTTϝ

Complete w.r.t. syntax
Morally the inductive-recursive “realizability with variables” approach
... but all logical predicates are sheafy, i.e. up to a tree of splits

Theorem (Weak canonicity)
If ` M : N then there is a split tree T s.t. for each (L ,m) ∈ T , M ↓L m.

Generalization of “negative axioms” and telltale of effects
Enough for consistency and deep normalization
Tame monsters by splitting them enough!

Full mechanization in Rocq based on logrel-coq
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Generalization of “negative axioms” and telltale of effects
Enough for consistency and deep normalization

Tame monsters by splitting them enough!

Full mechanization in Rocq based on logrel-coq
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Staring Into The Abyss

MLTTϝ informs us about MLTT

MLTT ⊆ MLTTϝ and α behaves computationally like a function
We get invariants about MLTT proofs α : N → B ` M : A

Definition (Uniform continuity)
A function F : (N → B) → A is uniformly continuous when

C F := Σ(n : N).Π(αβ : N → B). α ∼n β → F α = F β.

Theorem (Uniform continuity rule for MLTT)
For any MLTT term ` F : (N → B) → N, there exists a MLTT term ` FC : C F.

Proof. Basically a consequence of the weak canonicity of MLTTϝ.

Thus, in Cantor space, no one can hear you stream.
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Type Theory is at Peace

Sheaves are less monstrous than what they seem

Basically a special case of interaction trees hardwiring continuity
Approximating unscrutable higher-order functions by their concrete finite calls

MLTTϝ showcases a simple but expressive version of a sheafy theory

Weakens normal forms by adding branching side-effects
Can be used to derive properties of MLTT itself

What lies beyond is unfathomable
Can we internalize continuity as an operator rather than a rule?
What kind of topologies can we represent nicely in MLTT?
Are there other innocuous side-effects out there?
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Scribitur ad narrandum, non ad probandum

Thanks for your attention.
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